Abstract : Sampled-data consensus control for nonlinear multi-agent systems of strict-feedback form is considered. By using a change of state variables and an input transformation, the discrete-time double-integrator dynamics is derived from the Euler approximate model of each agent and discrete-time consensus control laws are designed. Then by applying the nonlinear sampled-data control theory, it is shown that the designed control laws achieve sampled-data consensus for nonlinear multi-agent systems in the continuous-time semiglobally practically uniformly asymptotically stable (SPUAS) sense. As an application of the proposed design method, sampled-data consensus control for fully-actuated ships is considered.
Introduction
Consensus and formation control problems for multi-agent systems have been discussed in many literatures due to a variety of applications such as air traffic control, multiple robots carrying out cooperative tasks, coordinate control of satellites, and so on (for details, see [1] , [2] and references therein). Linear consensus and formation control problems of single-integrator dynamics and double-integrator dynamics have been widely studied for continuous-time and discrete-time multi-agent systems [1] - [3] under several communication topologies. Recently sampled-data consensus and formation control problems of single-integrator dynamics and double-integrator dynamics have been also discussed, where each dynamics is continuoustime and control inputs are realized through zero-order holds. By applying discrete-time consensus control theory to the exact discretization of integrator dynamics, sufficient conditions for the existence of discrete-time control laws that achieve consensus have been given [4] - [9] .
Most physical systems are nonlinear and not represented by linear single-integrator or double-integrator dynamics directly. Hence, we must consider consensus control for nonlinear multiagent systems. Compared to consensus control for linear multiagent systems, consensus control problems for nonlinear multiagent systems have not been discussed widely. While consensus control problems have been considered for continuoustime and discrete-time nonlinear multi-agent systems [10] , [11] , sampled-data consensus control problems for nonlinear multiagent systems have not been discussed in the literature.
In this paper we consider sampled-data consensus control for nonlinear multi-agent systems, where the dynamics of each agent is of strict-feedback form. We first consider discrete-time consensus control of double-integrator dynamics. We introduce the error dynamics between the ith agent and the 1st agent, and reformulate consensus control as a standard stabilization prob-lem of the error dynamics. In this case we can use the recently developed nonlinear sampled-data control theory [12] - [14] to sampled-data consensus control for nonlinear multi-agent systems. According to the design method of nonlinear sampleddata control system based on approximate discrete-time models, we derive the Euler approximate model of the dynamics of each agent. We introduce a change of state variables and an input transformation to obtain discrete-time double-integrator dynamics from the Euler approximate model. Then we use the consensus control theory to design discrete-time control laws that achieve consensus for the obtained double-integrator dynamics and the Euler approximate models. By applying the nonlinear sampled-data control theory, under mild conditions, we show that the designed discrete-time control laws achieve sampled-data consensus for nonlinear multi-agent systems in the continuous-time semiglobally practically uniformly asymptotically stable (SPUAS) sense.
As an application of the proposed design method, we consider sampled-data consensus control for fully-actuated ships. Consensus and formation control of ships are expected to be applied to several important and practical tasks such as oil and gas exploration and environmental monitoring [15] . For both fullyactuated and underactuated ships, continuous-time consensus and formation control have been considered by using nonlinear continuous-time control theories [15] - [17] . Since the dynamics of each ship is of strict-feedback form, the proposed design method can be used to sampled-data consensus control of fullyactuated ships. A numerical example is also given to illustrate the proposed design method.
Notation: Let R and R ≥0 be the sets of real numbers and nonnegative real numbers, respectively. Let
T ∈ R n , 0 n×m an n × m zero matrix and I n an n × n identity matrix. Let x be the norm of a vector x given by x = √ x T x and σ(M) a set of eigenvalues of a matrix M. A function α is of class K (α ∈ K) if it is continuous, zero at zero and strictly increasing. It is of class K ∞ if it is of class K and unbounded. A function β: R ≥0 × R ≥0 → R ≥0 is of class KL if for any fixed t ≥ 0, the function β(·, t) is of class K and for each fixed s ≥ 0 the function β(s, ·) is decreasing to zero as its argument tends to infinity [18] . For simplicity of notation, we write f (x(·), y(·)) = f (x, y)(·).
Preliminary Results

Discrete-Time Consensus Control
Consider the double-integrator dynamics given by
where p i , q i , v i ∈ R m are the states and control input of the ith agent, respectively and T > 0 is a small positive real number corresponding to a sampling period. In this section, we assume m = 1 to simplify discussions, but it is easy to extend the results to the case of m ≥ 2. For the systems (1), we introduce the control laws of the form
Then the closed-loop system (1) and (2) is given by
where
Definition 2.1 [2] , [3] Consider the closed-loop system (3). If
. . , n, consensus is achieved by (2) for the systems (1).
., 2n}. Then by [3] and [7] , it is well-known that the control laws (2) achieve consensus asymptotically for the systems (1) if and only if I 2n + T Θ has exactly two 1 eigenvalues and all elements of the set P have a modulus less than one. If Θ has exactly two zero eigenvalues and all other eigenvalues have negative real parts, then for sufficiently small T > 0, all elements of the set P have a modulus less than one.
Then the control laws (2) and the closed-loop system (3) can be rewritten as
i = 1, .., n and
respectively, wherẽ
.
Since (p,q)(k) → 0 as k → ∞ implies that consensus is achieved for the system (5) (and hence (3)), we have the following result.
Proposition 2.1
The control laws (4) (and hence (2)) achieve consensus asymptotically for the system (5) (and hence (1)) if and only if σ(
2) It seems that Proposition 2.1 is a minor extension of the results in [3] and [7] , but consensus problem can be treated as a standard stability problem of the error dynamics in (5) . Note that the error dynamics in (5) is the closed-loop system
., n where v i is given by (2) . Moreover if T > 0 is a sampling period andw(t) = w(k) for any t ∈ [kT, (k + 1)T ), the above system is the Euler approximate model of the sampleddata double-integrator dynamicsη = ξ(t),ξ =w(t). In this case we can apply a recently developed nonlinear sampled-data control theory based on the Euler approximate model, which is summarized in the next subsection, to sampled-data consensus control for nonlinear multi-agent systems.
Nonlinear Sampled-Data Control
Here we summarize the framework for the design of nonlinear sampled-data systems based on Euler approximate model. For details see [12] - [14] .
Consider the nonlinear sampled-data systeṁ
where ξ ∈ R n is the state,ū ∈ R m is the control input realized through a zero-order hold, i.e.,ū(t) = u(k) for any t ∈ [kT, (k + 1)T ) and T > 0 is a sampling period. Here we assume that there exists a unique solution of (6) defined on some bounded interval of the form [0, t 1 ) for each initial condition and each constant control. Then the difference equations corresponding to the exact discrete-time model and the Euler approximate model of (6) are defined by
respectively, where x e (k) = ξ(kT ),
We also assume that the sampling period is a design parameter and can be assigned arbitrarily. Note that the discrete-time models (7) and (8) are parameterized by T > 0. To define stability of the parameterized discrete-time models, we first consider the following discrete-time system
Definition 2.2 1) The parameterized discrete-time system (9) is semiglobally practically uniformly asymptotically stable (SPUAS) if there exists β ∈ KL such that for any pair of strictly positive real numbers (Δ, δ), there exists T
2) The parameterized discrete-time system (9) is uniformly globally asymptotically stable (UGAS) if there exists β ∈ KL such that there exists
Now we consider the design of stabilizing feedback laws u T (x e ) for the exact discrete-time model (7) . By [13] the Euler approximate model (8) with u(k) = u T (x(k)) is one-step consistent with the exact discrete-time model (7) with u(k) = u T (x e (k)). Moreover, if the parameterized state feedback law u T (x) is locally Lipschitz for any T ∈ (0, T * ), the Euler approximate model (8) with u(k) = u T (x(k)) is multi-step consistent with the exact discrete-time model (7) with u(k) = u T (x e (k)). Then by [13] and [14] , the following stability result is wellknown.
Theorem 2.1
If a parameterized state feedback law u T (x) is locally Lipschitz and the Euler approximate model (8) with u(k) = u T (x(k)) is UGAS, then the exact discrete-time model (7) with u(k) = u T (x e (k)) is SPUAS.
Remark 2.2
If F e T is locally Lipschitz, then there exists T * > 0 such that u T which SPUA stabilizes the exact discrete-time model (7), SPUA stabilizes the nonlinear continuous-time system (6) withū(t) = u(ξ(kT )) for any t ∈ [kT, (k + 1)T ), i.e., there exists β ∈ KL such that for any strictly positive real numbers (D, d) , there exists T * > 0 such that for any T ∈ (0, T * ) and any
In this case we say that the systeṁ ξ = f (ξ, u T (ξ(kT )) for any t ∈ [kT, (k + 1)T ) is SPUAS in the continuous-time sense [12] - [14] .
Sampled-Data Consensus Control for Nonlinear Multi-Agent Systems of Strict Feedback Form
Consider nonlinear sampled-data multi-agent systems of strict-feedback forṁ
where are bounded for any η, ξ.
We also assume that a sampling period T > 0 is a design parameter and can be assigned arbitrarily. In this section, we assume m = 1 to simplify discussions, but it is easy to extend the results to the case of m ≥ 2. Then we want to design discrete-time control laws u i which achieve consensus for the systems (10) in the continuous-time SPUAS sense, i.e., there exists β ∈ KL such that for any strictly positive real numbers (
and all initial conditions i (0) with T . Then the difference equations corresponding to the exact discretetime model and the Euler approximate model of (10) are given by
ds
respectively, where (11), we obtain
By an input transformation
the systems (12) can be rewritten as
where v i are new control inputs. By A1, κ i is well-defined for any T > 0 and an input transformation (13) is parameterized by T > 0. For the systems (14) we consider
., n where a ii = 0, a i j ≥ 0, i, j = 1, .., n and γ > 0. Then the closed-loop system (14) and (15) is given by (3), which is also rewritten as (5). Let T * > 0 be the maximal allowable sampling period. Note that if σ(I 2(n−1) + TΘ) ⊂ D for any T ∈ (0, T * ), then the error dynamics in (5) is UGAS and hence by Proposition 2.1, we have the following result.
Lemma 3.1 Assume that there exists T
* > 0 such that σ(I 2(n−1) + TΘ) ⊂ D for any T ∈ (0, T * ). Then we have 1) The control laws (15) achieve consensus asymptotically for the systems (14) for any T ∈ (0, T * ).
2) The control laws (13) with (15) achieve consensus asymptotically for the systems (12) for any T ∈ (0, T * ).
Hence we have the following main result. 
achieve consensus for the systems (10) in the continuous-time SPUAS sense where
Proof. Note that (16) and (17) correspond to (13) with (15), respectively. By the assumptions A1 and A2, the control laws 
Hence we obtain η i (t) → η j (t) and ζ i (t) → ζ j (t) for all i, j = 1, .., n as t → ∞ in the continuous-time SPUAS sense. Moreover this implies that
as t → ∞ and by the assumption A2 we obtain η i (t) → η j (t), ξ i (t) → ξ j (t) for all i, j = 1, .., n as t → ∞ in the continuoustime SPUAS sense. Remark 3.1 From the consensus control laws (16) and (17), we can easily derive the formation control laws. In fact, by introducing the desired deviation Δ i j between η i and η j [2] , the control laws (16) with Consider a team of n ships. Let i denote an ith ship of a team. We first consider nonlinear models of n ships. Let η i1 , η i2 and η i3 be the North position, the East position and the yaw angle (orientation) of an ith ship, respectively in the Earth-fixed coordinate system and let ξ i1 , ξ i2 and ξ i3 be the linear velocities in surge, sway and the angular velocity in yaw, i.e., ξ i3 =η i3 , respectively, decomposed in the body-fixed coordinate system (Fig. 1) .
T . Here we assume that the damping forces are linear, but it is easy to extend cases of general damping forces. Then the equations of motion of n fully-actuated ships can be given bẏ are the rotation matrix in yaw, the inertia matrix including hydrodynamic added inertia, the damping matrix and the Coriolis-centripetal matrix of the ith ship, respectively [19] . In general the inertia matrix M i is positive definite. Moreover the control forces and moment
T are provided by thrusters and are realized through a zero-order hold, i.e.,ū i (t) = u i (k) for any t ∈ [kT, (k+1)T ). Note that the systems (19) are of the form (10) with
and R(x) is bounded for any x, the assumptions A1 and A2 are satisfied. Note also that R(x + y) = R(x)R(y) = R(y)R(x) for any x and y. Consider the Euler approximate model of (19) : 1 are satisfied and hence sampled-data consensus is achieved for three nonlinear fully-actuated ships. Now we show a simulation result of three sampled-data fullyactuated ship models with the designed discrete-time consensus control laws (23) with (24). Let Figure 3 shows the time responses of the surge velocities of the ships.
In this case we can use the designed state feedback consensus control laws until T = 0.62 (s). Here T = 0.62 (s) is slightly longer than sampling periods which can be used for state feedback consensus control laws given in [20] . In [20] , we have designed a different class of state feedback consensus control laws for sampled-data fully-actuated ships based on an emulation of continuous-time state feedback laws and the consensus control theory for continuous-time double-integrator dynamics. As we see Figs. 2 and 3 , the designed control laws achieve sampled- data consensus for three fully-actuated ships.
Next we show a simulation result of three sampled-data fullyactuated ship models with the designed discrete-time formation control laws (23) with (24) replaced by (18) . Let
T and let Δ i j = δ i − δ j , i, j = 1, 2, 3 be the desired deviation between η i and η j for a triangular formation. Then Fig. 4 the trajectories of the North-East positions and the attitudes of the ships under the same initial conditions of sampled-data consensus control. As we see Fig. 4 , the designed control laws achieve a triangular formation for three sampled-data fully-actuated ships.
Conclusions
In this paper we have considered sampled-data consensus control for nonlinear multi-agent systems, where the dynamics of each agent is of strict-feedback form. We have introduced a change of state variables and an input transformation to obtain the double-integrator dynamics from the Euler approximate model of each agent. Then we have designed discrete-time consensus control laws for Euler approximate models of multiagent systems. By applying the nonlinear sampled-data control theory, we have shown that the designed discrete-time control laws achieve sampled-data consensus for nonlinear multi-agent systems in the continuous-time SPUAS sense. As an application of the proposed design method, we have also considered sampled-data consensus control for fully-actuated ships.
